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is calculated numerically over a wide range of system parameters for varying degrees of initial anisotropy. INTRODUCTION More than two decades ago, Fowler 1,2 developed an elegant theoretical formalism for calculating nonlinear thermodynamic bounds on the field energy in unstable plasmas. In essence, the approach makes use of global conservation constraints satisfied by the nonlinear Vlasov-Maxwell equations to determine the lowest upper bound on the field energy EaeFJMAX that can evolve for given initial distribution function f(x,p,0). Over the years, this method,1,2 or variations thereof, has been used to estimate nonlinear bounds on field energy for applications ranging from electromagnetic instabilities driven by energy anisotropy, 3 to shear-driven instabilities in nonneutral plasmas, to anomalous electron energy transport in tokamaks,5 to nonlinear bound estimates using both kinetic 6 and macroscopic6,7 models of plasmas and classical fluids. II.
ASSUMPTIONS AND THEORETICAL MODEL
The present analysis neglects positive ion dynamics (mi + but allows the electron motion to be relativistic. It is further assumed that perturbations are about a spatially uniform equilibrium with average density nb -const. and uniform magnetic field B 0 eZ, and that the electron current and density are sufficiently low that equilibrium self fields can be neglected in describing the nonlinear evolution of the system. The electric and magnetic fields, E(x,t) and B(x,t), are expressed as
and the electron distribution function fb(x,p,t) evolves according to the nonlinear Vlasov equation
Here, p is the mechanical momentum, v -p/ym is the velocity, y -(1 + p 2 /m 2 c 2 )1/2 is the relativistic mass factor, -e is the electron charge, m is the electron rest mass, and c is the speed of light in vacuo. In Eq.(2), the field perturbations SE(x,t) -( 8 E,,6Ey,&Ez) and 6Btx,t) -( 8 Bx, 6 By, 8 Bz), which are allowed to have arbitrary polarization, are determined self-consistently in terms of fb(x,p,t) from Maxwell's equations.
To determine a nonlinear bound on the unstable field energy that can develop for given initial distribution function
Fowler's method 1 -3 makes use of global conservation constraints that are satisfied by the nonlinear Vlasov-Maxwell equations.
For the configuration considered here, the obvious conserved quantities are: the total (particle plus field) energy (U), the average number density (N), the entropy (S), and the total (particle plus field) axial momentum (Cz These constraint conditions can be expressed as
S-
where V -L L L , and the spatial integrations in Eqs. (4)- (7) are over the fundamental periodicity lengths of the perturbations.
In Eq. it should be noted that the constant N can be identified with the average electron density (N a nb )
We now make use of the global conservation constraints in Eqs. (4)- (7) to construct an effective Helmholtz free energy F defined by
where Vb and Tb are (yet unspecified) constants. Because F is a combination of conserved quantities, it follows that
during the nonlinear evolution of the system. A convenient, positive-definite, quadratic measure of the field perturbations 
where Ob 0 yb/c, and 2b < 1 is assumed. Substituting Eqs. (4)- (7) into Eq. (8), and making use of Eq.(9), we solve for A'F(t) -
6F(t) -eF(0). This gives
Equation ( It is straightforward to show from Eq.(11) that 6 is a F maximum whenever fb corresponds to a relativistic thermal equilibrium distribution with temperature Tb and average axial velocity Vb e. Taking the variation of 6F in Eq.(11) with respect to fb and setting 6[66.] -0 gives (12) Equation (12) is satisfied provided fb-
For positive 0 and Tb, which we assume to be the case, Eq. (13) corresponds to a relativistic thermal equilibrium distribution drifting with axial velocity Vb along the applied magnetic field B 0 e2. Taking the second variation of Eq.(12) with respect to fb'
and evaluating at fb -g, we obtain
5(6Ae)]
rd3,' dp ,2
It is therefore concluded that AeF is a maximum whenever fb -g in Eq.(11). That is, at any instant of time,
where Eqs. (4)- (7), we now choose 0, Vb and T so that [AF MAX is a
and
respectively. Here, the reference distribution function g is defined in Eq.(13). Furthermore, the condition (8/8Tb ) F40 X -0 can be expressed as
where use has been made of Eq.(18) and -(ymc
For specified initial distribution function fb0' Eqs. (18) 
where nb -const. is the average electron density, and pzb is the b z average particle momentum in the z-direction associated with the initial state fbO* We further define We then obtain for Dzb -0 and ab 1 ld x dp(y -1)mc2 b0 (3 Equations (27) and (33) then give which has an inverted population in perpendicular momentum p_ (Fig. 1) .
Here, ^, Az, and _L ( As a second example of a distribution function with inverted population in perpendicular momentum p_, we briefly consider the case where fbO is specified by 
B. Bi-Maxwellian Distribution Function
As a final example, we consider the case where fbO is specified by
where a -mc2/T, ai mmc/T 2 , into Eq.(32), we obtain
For specified values of a -mc 2 /T z and a -mc 2/T,, Eq.(43) can be used to determine the corresponding value of ab -mc2 /Tb. As before, once ab is determined, Eq. Indeed, the actual maximum value of AeF(t) achieved for specified fbO could be much lower than that in Eq.(27). As a general remark, if there are global conservation constraints in addition to those in Eqs.(4)- (7), then the inclusion of these additional constraints in the analysis will reduce the estimate of the nonlinear bound (AFIMAX even further.3
ACKNOWLEDGMENTS
This research was supported by the Office of Naval Research. 
